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Florida Center for Advanced Aero-Propulsion, Florida State University, Tallahassee, FL, 32310, USA As a model of round exhaust system transitioning to non-axisymmetric nozzle with sinuous ducts, two configurations are investigated in present study, with either a straight pipe or a cylindrical S-duct upstream of a rectangular nozzle of aspect ratio 4:1. Experimental measurements of the external flow field, radiated noise and unsteady surface pressure inside the exhaust system are conducted at the Florida State University High Speed Jet Facility for a cold over-expanded supersonic jet. For the same configurations and operating condition, large eddy simulations are performed with the compressible flow solver "Charles", on unstructured grids containing between 30 and 110 million control volumes. Specifically, the impact of the S-duct component in the exhaust system is investigated experimentally and numerically. For the internal flow, significant effects are observed, in particular internal shedding leading to tones and overall increase of surface pressure fluctuations. Dynamic mode decomposition is used on the LES database to identify the frequency and shape of the dominant modes in the internal pressure field, in good agreement with the transducers measurements. In contrast, both experimental and simulation results indicate that the S-duct component had no effect on the jet plume development and radiated noise. This is likely due to the strong favorable pressure gradient in the converging-diverging section of the nozzle that dampens most of the upstream perturbations generated at the S-bend. 
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I. Introduction
For the next generation of high-performance engines' exhaust systems, the designs under consideration often include serpentine ducts, non-axisymmetric nozzle and complex 3D shapes which are all prone to develop significant unsteady internal flow features. Numerical tools that can accurately predict both the steady and unsteady structural stresses and heat transfer coefficient resulting from such transient flow features are likely critical for the design optimization of the propulsion system exhaust components. In addition, the aerodynamics analysis of the interior of the exhaust ducts and nozzle needs to be seamlessly coupled with the aeroacoustic analysis of the jet plume, to address both performance and noise emissions.
With recent progress in high performance computing, Large Eddy Simulation (LES) methods are emerging as efficient and accurate tools to compute such unsteady turbulent flows and their acoustic fields. As a proof-of-concept of the LES framework for the study of advanced exhaust systems, two configurations are considered in the present work. The first (baseline) configuration consists in the rectangular nozzle with a straight cylindrical pipe upstream of the converging section. In the second configuration, the straight pipe is replaced by a cylindrical S-duct of the same streamwise extent (see figure 1(a) ). The S-duct configuration is meant to serve as a model of round exhaust transitioning to non-axisymmetric nozzle with sinuous ducts.
For both configurations, the operating conditions produce an over-expanded supersonic jet, relevant for tactical aircraft take-off conditions. PIV and noise measurements are made for both the straight pipe and S-duct configuration at the Florida State University (FSU) High Speed Jet Facility. In addition, the Sduct was instrumented with 4 unsteady Kulite pressure transducers, as indicated by the metallic screws in figure 1(b) . These sensors are strategically located in the duct to measure the unsteady pressures due to the turns in the S-duct. High-fidelity LES with the compressible flow solver "Charles" 1 developed at Cascade Technologies are performed for the same configurations and operating condition. Details of the experimental and numerical approaches are presented in sections II and III, respectively. Then section IV focuses on the measurements and predictions of the exhaust system internal flow with and without the S-duct. Finally, the jet plume development and radiated noise for both configurations are discussed in section V.
II. Experimental setup and measurements
A. Test facility, nozzle geometry and operating conditions
The experiments were conducted at the Florida State University (FSU) High Speed Jet Facility. The facility is connected to a 30,000 gallon high pressure reservoir that stores air at 500 psi allowing for practically unlimited run times. High pressure air from the storage tanks is regulated to the desired stagnation pressure with a control valve and can be heated to the desired temperature with an inline 192 kW electric heater. The air flows into a stagnation chamber, upstream of the nozzle, where pressure and temperature are measured. The facility is capable of reaching Mach 2.2 and a stagnation temperature of 750K.
The studies were performed with a converging-diverging (CD) rectangular nozzle with an aspect ratio of 4:1 and a design Mach number of 1.44 as seen in figure 2. The nozzle height (along the minor axis), h, is 10 mm while the width (along the major axis), w, is 40 mm. The convergent section of the nozzle is designed using a 5th order polynomial while the divergent section of the minor axis is designed using the method of characteristics (MOC). The major axis is kept straight beyond the throat where the walls are a constant 20 mm from the centerline. The first configuration considered in the present work consists in the CD rectangular nozzle with a straight cylindrical pipe upstream of the converging section, as baseline reference for comparisons on noise and performance. In the second configuration, the straight pipe is replaced by a cylindrical S-duct of the same streamwise extent, as shown in the schematic in figure 1. In the remainder of the paper, these two configurations are referred to as "pipe" and "S-duct", respectively. It should also be noted that baseline experiments were repeated after adding an straight pipe that is roughly equal to the S-duct length, upstream of the nozzle. This serves as a more reliable reference for elucidating the curvature effects of the S-duct.
For the experiment presented, the nozzle pressure ratio, NPR, was 2.42 corresponding to a fully-expanded jet mach number M j of 1.20. This case was run at a temperature ratio of 1.0. The nozzle temperature ratio, NTR, is defined as the ratio of the stagnation temperature to the ambient temperature, while NPR is the ratio of stagnation pressure to ambient pressure. Additional details about the experimental campaign are available in Ref. 2.
B. Planar velocity field measurements
Planar PIV measurements were conducted along the major and minor axes from the nozzle exit to 30h downstream (see figure 3 ). The flow field was illuminated using a Nd:YAG Evergreen 400mJ laser. The beam was passed through a combination of spherical and cylindrical lenses to produce a light sheet of approximately 1.5mm. The main jet seeding was accomplished with glycol droplets of approximately 0.5 µm. The ambient environment was seeded with a Rosco 1600 fog generator with smoke particle diameters of about 2-3 µm. The raw images were processed with LaVision software. For each case a total of 1000 image pairs were recorded with a 5.5 Megapixels sCMOS camera. A 532nm filter was attached to the camera and Rhodamine tape applied to the nozzle to filter out reflections from the nozzle. The image acquisition rate was 15Hz with a pulse separation of 1 µs. The image pairs were processed using LaVision DaVis software with a multi-pass algorithm with an initial pass beginning at 96 pixels and a final pass at 32 pixels with an adaptive window shape. In order to capture the entire flow field, measurements were carried out at two streamwise camera locations to obtain data up to 30h along the minor axis. Major axis PIV measurements were obtained by rotating the nozzle 90
• . The origin was chosen at the center of the nozzle exit plane with the x-axis oriented perpendicular to this plane, y-axis oriented along the minor axis, and z-axis oriented along the major axis (see Fig. 2 for axis orientation).
C. Pressure measurements
Four Kulite pressure transducers were used to measure the unsteady pressures upstream of the nozzle and are labeled K 1 to K 4 in figure 1(b) . These Kulites were mounted such that the sensor was flush with the inner surface of the duct, to ensure that flow is not modified due to the sensors (flush mounting the sensors proved to be challenging and required a few iterations). The Model -XCE-062-100A sensors have a natural frequency of 380 kHz and a corresponding nominally flat frequency response up to 76 kHz, making them suitable for the present study. For the measurements discussed in this report, the noise floor for these sensors was well below (>10 dB/Hz) the pressure signal up to approximately 40 kHz. Data was simultaneously recorded at a sampling frequency of 100 kHz and a total number of samples for each sensor location was 4,194,304. Near-field acoustic measurements were also acquired normal to the minor at 25h from the centerline of the jet, for 10 streamwise locations, x/h = 0 to x/h = 45 at 5h intervals (see figure 2(a) ). B&K 1/4 inch microphones were used for these measurements. Acoustic data was sampled at 100 kHz to acquire 80,000 data points for each microphone. 
III. LES configurations
The massively-parallel unstructured LES framework developed at Cascade Technologies is used for the present work. The framework is composed of the pre-processing mesh adaptation tool "Adapt", the compressible flow solver "Charles," and post-processing tools for far-field noise predictions based on an efficient massively-parallel implementation of the frequency-domain permeable formulation 
A. Numerical setup
The present numerical study focuses on a cold supersonic jet issued from a rectangular nozzle. The nozzle geometry, configurations (see figure 4 ) and operating conditions match the experimental setup from FSU.
(a) Pipe configuration (b) S-duct configuration The numerical setup, the FW-H surfaces used to compute the far-field noise and the methodologies are similar to previous jet studies with unstructured LES.
5-10 The non-dimensionalization is based on an ambient speed of sound c ∞ = γp ∞ /ρ ∞ , where γ = 1.4. The resulting form of the ideal gas law is p = ρT /γ. The LES nozzle pressure ratio and nozzle temperature ratio are N P R = P t /P ∞ = 2.42 and N T R = T t /T ∞ = 1.0, respectively and match the experimental conditions. Here, the subscript t and ∞ refer to the stagnation (total) property and free-stream (ambient) quantity, respectively. Therefore, the jet is cold (T j /T ∞ = 0.776), the jet Mach number is M j = U j /c j = 1.2, and the acoustic Mach number is M a = U j /c ∞ = 1.06, where U j is the mean (time-averaged) streamwise jet velocity and the subscript j refer to the fully-expanded jet properties. For the experiment, the Reynolds number is Re j = ρ j U j h/µ j ≈ 418, 000 and this value is matched in the simulations (see table 1 ). For the LES, the characteristic length is the height h of the nozzle exit in the minor axis direction. The equivalent nozzle diameter, defined as the diameter of a round nozzle with the same exit area than the present rectangular nozzle, is D e /h = 2.257. This length scale is used to report frequency as Strouhal number, namely St = f D e /U j . The pipe, S-duct and CD rectangular nozzle geometry (with exit at x/h = 0) are explicitly included in the computational domain (see figure 5 ), which extents from approximately −70h to 210h in the streamwise (x) direction and flares in the y-and z-direction from 57h to 120h. The pipe diameter is D p /h = 5.715. The simulations leverage recent research efforts focusing on the improvement of the flow modeling inside the nozzle and its effects on the nozzle-exit boundary layer, the jet plume, and ultimately the acoustic field.
7-10 State-of-the-art modeling is applied inside the exhaust system to match Reynolds number and reproduce realistic operatic conditions. The modeling consists in the combination of localized adaptive mesh refinement of the internal boundary layers (see section IIIB), synthetic turbulence 11 at the inlet, and an equilibrium wall-stress model [12] [13] [14] applied to all the interior nozzle surfaces. While the jet is issued in fluid at rest in the experiment, a very slow coflow at Mach number 0.005 is imposed in the simulation outside the nozzle, to prevent any spurious recirculation and facilitate flow entrainment. To avoid spurious reflections at the boundaries, a thick sponge layer is applied at the upstream, downstream and radial outlets of the computational domain by switching the numerical operators to lowerorder dissipative discretization. In addition, a damping function 15, 16 is applied as a source term in the governing equations in the downstream region x/h > 90, such that the turbulent structures and sound waves are damped in the outflow buffer before reaching the outlet boundary.
Three different FW-H surfaces extending to x/h = 80, with different spreading rates, were initially considered to compute the far-field noise, as shown in figure 5 . As all three surfaces lead to similar FW-H predictions, only the results from surface s1 (green outline in figure 5 ) are reported in the present work. For the treatment of the FW-H outflow disk, the method of "end-caps" of Shur et al. 17 is applied for x/h > 60, where the complex far-field pressure predicted from ten FW-H surfaces with the same shape but outflow disks at different streamwise locations are phase-averaged.
Since the flow is over-expanded, shock cells are present in the jet plume and can clearly be seen in figures 5. For the scheme appropriate for computing a flux across a shock, Charles uses a fully unstructured 2nd-order ENO method to perform reconstructions, 18 and the HLLC approximate Riemann 19 solver to compute the flux. The hybrid switch, which detects where shocks are present in the flow and activates the shock-appropriate scheme, is based on the method inspired by the Ducros shock sensor 20 and modified by Bhagatwala & Lele 21 to highlight regions of negative dilatation. The LES are restarted from a statistically steady solution obtained from the coarse mesh and interpolated on the finer adapted mesh. To remove the initial transient after interpolation, the simulations are typically ran more than 150 acoustic time units. Then, the flow field statistics and the FW-H surface data are collected every ∆t for a total duration t sim . Table 2 Table 2 . Characteristics parameters of the simulation and post-processing, including the simulation time step dt, sampling period ∆t and total duration t sim
B. Mesh adaptation and refinement
A grid adaptation approach similar to the one used in previous jet studies 5-10 is applied to the present configurations. The starting point is a coarse "skeletal" grid, containing about 4.4M control volumes, as shown in figure 6(a). Several embedded zones of refinement are then defined by the user and enforced by the adaptation tool. The main refinement zones correspond to the jet plume (fully enclosing the FW-H surfaces used for the far-field noise predictions), the jet potential core and near-nozzle exits. In addition, localized adaptive mesh refinement is applied inside the nozzle, the pipe and the S-duct (see figure 6(b) ). In combination with the wall model, the additional resolution near the interior surfaces of the exhaust system is targeted to capture near-wall three-dimensional turbulent structures and unsteady wall pressures, since the focus on the present work is on optimization of the internal flow. As in the previous studies, a smoothing algorithm and surface projection are applied to avoid sharp grid transitions between different refinement zones and to ensure accurate representation of the underlying geometry. For the present work, baseline grids were generated for both the pipe and S-duct configuration and contained about 30M unstructured control volumes, predominantly hexahedral elements. The grid is mostly isotropic with finest resolution of approximately 0.01h in the nozzle near-wall regions and 0.02h in the jet plume downstream of the nozzle exit, up to the end of the potential core.
As part of a preliminary grid resolution study, two additional refined grids were also created: a medium size grid with 52M control volumes with resolution doubled in the rectangular nozzle near-wall regions, and a refined grid with 110M control volumes with resolution doubled in the jet plume. All the grid have therefore the same resolution inside the exhaust system and overall, the results showed limited sensitivity to the grid size. Therefore, the cases S30M and P 30M with the extended simulation time are used for the analysis presented in this paper (see table 2) IV. Internal flow results
A. Flow visualization
As a visualization of the internal flow, the instantaneous streamwise velocity (non-dimensionalized by the fully-expanded jet velocity U j ) is shown in figures 7 and 8 in different sections inside the exhaust system. The cross-flow plane labelled "K0" at x/h = −33 (nozzle exit at x = 0) is the start of the curved pipe (in the S-duct configuration), while the cross-flow planes labelled "K1" to "K3" are the sections with the corresponding Kulite sensors in the experiment (see figure 1(b) ). Here, the contour levels are saturated to highlight the internal flow structures. Figure 7 . Instantaneous streamwise velocity inside the exhaust system and nozzle in the midsection plane along the minor axis, for the straight pipe configuration P 30M (top) and S-duct configuration S30M (bottom). The contours levels are for 0 ≤ ux/U j ≤ 0.1 (blue to red).
Because the turbulence levels inside the pipe upstream of the nozzle are not measured in the experiment (or in practical applications in general), the main objective of the synthetic inflow turbulence is to "seed" the flow with fluctuations of reasonable amplitude, length and time scales, such that realistic turbulence is fully developed in the pipe at the location of the S-bend. Previous jet studies 7, 9, 22 have shown that nozzle-exit boundary layer and turbulence were largely independent of the input parameters of the synthetic turbulence, assuming reasonable initial values, sufficient near-wall grid resolution and appropriate numerics. In the present work, synthetic turbulence is superimposed to the mean internal pipe flow at the inlet boundary. For the input velocity fluctuation profiles, the data from Wu & Moin 23 for a high Reynolds number fully developed turbulent pipe flow are used, with the amplitudes rescaled by the inlet streamwise velocity.
For both straight pipe configuration P 30M and S-duct configuration S30M , synthetic inflow turbulence is specified as boundary conditions at the inlet (i.e., left boundary in figure 7 ). While elongated structures are initially visible in the first section of the pipe near the inlet, realistic turbulence is fully developed approximately five pipe diameter D p from the inlet and by the start of the S-duct section. As expected, Figure 8 . Instantaneous streamwise velocity inside the exhaust system in cross-flow sections corresponding to start of the curved section K 0 and the experimental Kulite locations (K 1 to K 4 ), for the straight pipe configuration P 30M (top) and S-duct configuration S30M (bottom). The contours levels are for 0 ≤ ux/U j ≤ 0.1 (blue to red).
in the straight pipe configuration, the internal flow field looks similar for the different cross-flow planes and features a range of small-scale turbulent structures. In contrast, the internal flow field in the S-duct configuration is dominated by shedding of large-scale structures from the upstream upper bend, impacting the downstream lower bend. The internal shedding results in regions of flow acceleration (red zones in bottom row of figure 7 and figures 8 (a) & (c) ) and regions of slow flow/reverse flow (blue zones red zones in bottom row of figure 7 and figures 8 (b) ). The presence of the recirculation region in the upper bend lead to the "U-shape" flow field and strong non-uniformity in the cross-flow planes K1 upstream of the nozzle for the S-duct configuration.
B. Wall pressure fluctuations
More quantitative measurements of the internal flow field are presented in figure 9 . The spectra of the pressure fluctuations at the locations of the Kulite sensors K 1 to K 4 are plotted as a function of frequency expressed in Strouhal number St = f D e /U j , where D e is the equivalent nozzle diameter. Here, the power spectrum density (PSD in dB/St) is bin-averaged with bin size ∆St = 0.005.
For the S-duct configuration in figure 9 , the dominant feature in the spectra is the sharp tone around S30M ) for the S-duct configuration; LES predictions for the straight pipe ( P 30M ). The black dashed line corresponds to the -7/3 slope St = 0.22 which is well captured in both the experimental measurements and LES predictions, and not present for the straight pipe configuration. At lower frequencies, a broader tone at St = 0.03 − 0.05 is observed in the transducer spectra. As expected, the straight pipe spectra are essentially identical at all 4 Kulite locations, with no discernible low-frequency content and with broadband floor level similar to the experimental value. In contrast, the S-duct spectra show higher low-frequency levels but more broadband in nature than the experimental tone. Here, it is possible than the relatively "clean" pipe flow upstream of the S-duct in the experiment leads to more coherent shedding at the S-bend while the synthetic inflow turbulence in the simulations likely yields more turbulent (broadband) shedding.
Similar trends are observed at higher frequency St > 5. The use of synthetic inflow turbulence at the inlet of the computational domain for both LES cases P 30M and S30M leads to higher fluctuation levels than in the "untripped" experiment. In the inertial subrange, the LES spectra follow the expected energy cascade −7/3 slope for isotropic turbulence. Overall, these results are further evidence of the large tonal and broadband increase in unsteady surface pressure fluctuations on the S-duct component.
C. Dynamic mode decomposition of the internal flow
In order to further analyze the wall pressure fluctuation signatures discussed in the previous section IVB, a dynamic mode decomposition 24 (DMD) of the pressure field is conducted. The modal decomposition is computed from a series of planar visualizations of the pressure field in the serpentine pipe rather than utilizing the full three-dimensional flow field to enable more rapid interrogation of the data. Metadata is encoded into the pressure images so that quantitative measurements of the pressure at different pixel locations can be reconstructed. Figure 10 shows the frequencies and (relative) amplitudes of the ten most dominant modes as measured by their amplitude at the terminal time. The contributions can be classified into three frequency ranges at St = f D e /U j ≈ 0.22, 0.05, and 0.45 in descending order of significance. These frequencies are consistent with peaks in the wall pressure fluctuation spectra in both the LES and in the experiment. Figure 11 shows the real and imaginary components of the internal pressure mode at St ≈ 0.22 corresponding the most dominant mode present in the LES. The shape and non-compact support of this mode suggest that this frequency represents an acoustic resonance in the S-duct and may be sensitive to the S-duct geometry. It can also be observed that the support of this mode extends to the inlet of the simulation and as a result, the mode amplitude would be sensitive to the inlet boundary condition and its corresponding impedance. Additionally, the length of the straight pipe upstream of the serpentine duct in the LES (≈ 40h) is longer than the entrance length in the experiment (≈ 8h, as shown by the metallic straight pipe section in figure 3 ). These two factors may contribute to the slight over-prediction of the mode amplitude at St ≈ 0.22 in the LES wall pressure spectra compared to experiment in figure 9 .
The lower frequency tone at St ≈ 0.03 − 0.05 highlighted in the transducers spectra is also identified in the modal decomposition. The mode shape is centered around the S-bend but shows non-compact support that extends to the inlet, much like the dominant mode. Thus, the under-prediction of the amplitude of this frequency in the LES may be similarly explained by the sensitivity to the inlet boundary conditions. Using the pipe diameter D p /h = 5.715 as characteristic length scale and the time-averaged streamwise velocity on the pipe centerline before the S-section U p /c ∞ = 0.08 as velocity length scale, the mode frequency can be non-dimensionalized as f D p /U p ≈ 1. This further suggests that the lower frequency tone is related to the internal shedding at the S-bend. 
V. External flow results
While the main focus of the present work is on the prediction of the exhaust system internal flow towards optimization, the jet plume development and the far-field noise are still of interest, in particular in terms of potential modification caused by the S-duct component.
A. Jet plume
Visualization of the external flow field for the S-duct configuration is shown in figure 12 , to complement the schematic presented in figure 5 . The over-expanded operating conditions leads to 4-5 well-defined shock cells before the end of the potential core, followed by turbulent mixing with a range of small-scale structures. In these figures, broadband shock-associated noise radiated in the upstream direction is clearly visible. As previously reported in the literature for rectangular nozzle, 2, 25 the shear-layer spreading rate is higher in the minor y-axis direction (slope ≈ 0.15) than in the major z-axis direction (slope ≈ 0.1) Figure 12 . Instantaneous temperature field in the midsections along the minor and major axis for the S-duct configuration S30M . The pipe, S-duct and nozzle surfaces are also shown.
Further comparisons of the jet plume development are presented in figures 13 and 14, showing timeaveraged and RMS of the streamwise velocity in the midsection plane along the minor axis for the straight pipe and S-duct configurations. In these figures, the same contours levels (non-dimensionalized by the jet velocity U j ) are visualized for both PIV measurement and LES predictions.
The first noticeable feature in these figures is the change in slope for the jet spreading, which is visible for both straight pipe and S-duct configurations in the PIV measurements (top row) and not in the LES predictions (bottom row). The experimental data shows the jet coming straight out of the nozzle followed by a sharper increase in spreading around 2 − 3h downstream of the nozzle exit, while the LES data shows a more uniform jet spreading, starting at the nozzle exit. Recall that there is no boundary layer trip nor specific internal flow treatment done in the experiment, while near-wall isentropic mesh refinement, synthetic inflow turbulence and wall modeling are applied in the simulations inside the exhaust system. Therefore, these differences are likely due to the state of the nozzle-exit boundary layer, namely laminar (or weakly perturbed) in the experiment versus turbulent in the LES, resulting in laminar to turbulent shear-layer transition around 2 − 3h in the PIV data.
Aside from these differences, there is a reasonable overall agreement between experiment and LES, in particular in terms of the number and size of the shock cells. For both LES cases P 30M and S30M , the length of the potential core is slightly under-predicted and the RMS levels are over-predicted, compared to the PIV data. Both features are typically associated with under-resolution of the turbulent mixing in the jet plume. Since the focus of the project is on the exhaust system internal flow, the resolution in the rest of the computational domain was purposely chosen to be on the coarse side in the present study, to limit the computational costs and enable a long simulation time. As part of the preliminary grid resolution study, it was found that increasing the resolution in the jet plume slightly improved the comparisons for the potential core length but the trend in terms of initially laminar versus turbulent jet remains: even on the medium and refined grids, the nozzle-exit boundary layer is turbulent and the shear layer spreading starts at the nozzle exit with constant rates. The final observation is that the differences in the jet plume between the straight pipe and S-duct configurations are limited and subtle. Both experiment and LES display similar results for the two configurations, with the exception of the experimental RMS level for the S-duct configuration in the top row of figure 14(b) . These measurements display higher fluctuation levels but also larger discrepancies and misalignments between the two PIV windows. Nevertheless, these results contrast with the significant differences observed in the internal flow for the two configurations. The current hypothesis is that, for the present supersonic jet conditions, the strong favorable pressure gradient in the converging-diverging nozzle dampens most of the upstream perturbations generated at the S-bend. This process results in similar state of the flow field at the nozzle exit with and without the S-duct and therefore similar jet plume development (and radiated noise, as discussed below).
B. Radiated noise
Finally, the radiated noise for both straight pipe and S-duct configurations are compared in figure 15 for few representative microphones in the experimental array normal to the minor axis at (y/h, z/h) = (0, 25). As before, the power spectrum density (PSD in dB/St) is reported as a function of frequency expressed in Strouhal number, St = f D e /U j . For the overall sound pressure level (OASPL) directivity, the frequency range considered for the integration is 0.025 ≤ St ≤ 2.5.
First, one key feature present in the experiment and not is the LES is the tone at St ≈ 0.78 and its first harmonic at St ≈ 1.56, associated with the strong self-excitation process known as "screech". For the present rectangular nozzle, screeching has been studied in details by Alkislar et al. 26 and Valentich et al. for various supersonic jets at under-and over-expanded conditions. As originally described by Powell, 27 the process is characterized by a flow-acoustics feedback loop: instabilities in the shear layer near the nozzle exit grow as they convect downstream and interact with shock cells. This interaction generates strong acoustic waves that propagate upstream and in turn interact with the nozzle lip, thus exciting further instabilities in the shear layer.
For both straight-pipe and S-duct configurations, the screech tone and first harmonic are visible in the experimental spectra for most jet angles, with peak amplitude between +5 and +10 dB above the broadband level. In figure 15 , the PSD from the experimental measurement is bin-averaged with bin size ∆St = 0.0025 to fully display all the sharp tonal components in the spectra. Because of the relatively short total simulation time, the bin size is increased to 0.025 for the LES spectra but additional noise post-processing with various bin sizes confirmed that the screech tone is not present in the LES. As previously discussed, one significant difference between experiment and simulation is the initial state of the shear layer, i.e., laminar versus turbulent. In addition, a very slow coflow at Mach number 0.005 is imposed in the computational domain outside the nozzle (to prevent any spurious recirculation and facilitate flow entrainment), while the ambient fluid is at rest in the experiment. Finally, the external nozzle surface included in the LES computational domain might not exactly match the experimental geometry. These small differences in the jet setup, operating conditions and nozzle-exit boundary layer state are likely to affect the receptivity near the nozzle lip and might be sufficient to explain the absence of screech tone in the LES. Given these differences in the jet screeching and initial nozzle-exit conditions, there is a reasonable agreement between the measurements and FW-H predictions, in terms of spectra levels, shape and noise directivity. Note that the low-pass filtering of the experimental data (related to hardware) has a lower cut-off than the LES results, which is the main cause of the differences at high frequency for St > 2.5. The bump in the spectra around St ≈ 1.7 at the normal inlet angle φ = 90
• corresponds to the broadband shock-associated noise (BBSN) and is well captured by the LES. As predicted by theory and generally observed in experiment, the BBSN shifts to higher frequency and decreases in amplitude as function of the direction of radiation, [28] [29] [30] with lowest value for higher inlet angle. For microphones at x/h = 15 (φ = 121
• ) and x/h = 20 (φ = 129 • ), the BBSN frequency is now close to the experimental cut-off frequency and the spectra shape is therefore better captured in the LES. For the microphones further downstream, towards the typical radiation peak angle of φ ≈ 150
• , the BBSN is no longer visible and the dominant mixing noise is again well predicted by the LES. For both experiment and simulation, the OASPL curves show similar noise directivity, though the LES levels are in general under-predicted by 1 to 1.5 dB.
Lastly, one important conclusion of this study is that there are very limited differences in the radiated noise between the straight pipe and S-duct configurations, which is consistent with the conclusions on the jet plume flow statistics previously discussed. Both experimental measurements and LES predictions show nearly identical spectra and noise directivity with and without the S-duct component. In particular, the near-field noise spectra does not have any discernible signature of the low-frequency tones observed in the surface pressure fluctuation inside the S-duct. 
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VI. Conclusion
To our knowledge, the present work is the first combined experimental and numerical study on round exhaust transitioning to non-axisymmetric nozzle with sinuous ducts. A modular experimental model with either a S-duct or a straight pipe upstream of a rectangular nozzle of aspect ratio 4 was built at the Florida State University (FSU) High Speed Jet Facility. Measurements of the external flow field, radiated noise and unsteady surface pressure inside the exhaust system were conducted for a cold over-expanded supersonic jet, with fully-expanded jet Mach number M j = 1.2 and Reynolds number Re j ≈ 418, 000.
High-fidelity large eddy simulation (LES) were performed with the compressible flow solver "Charles" 1 developed at Cascade Technologies, for the same configuration and operating conditions, including Reynolds number. Here, the simulations leverage recent research efforts 7-10 focused on improvement of the modeling of the nozzle interior flow. Specifically, localized near-wall adaptive mesh refinement and wall model [12] [13] [14] are applied to all the interior surfaces. In addition, synthetic turbulence 11 is applied at the inlet of the system. The grids considered in the present LES study contained between 30 and 110 million control volumes, with mostly hexahedral elements and isotropic resolution in the acoustic source-containing region.
In terms of internal flow, the S-duct configuration is characterized by shedding of large-scale structures from the upstream upper bend, impacting the downstream lower bend. As expected, this feature is not present in the straight-pipe configuration and leads to tones and higher low-frequency levels for the surface pressure fluctuations measured in both the experiment and the simulations. Dynamic mode decomposition 24 (DMD) of the internal pressure field is computed to identify frequencies, (relative) amplitudes and shape of the most dominant modes inside the exhaust system. The DMD results are consistent with peaks in the wall pressure fluctuation spectra in both the LES and in the experiment and suggest acoustic resonance in the S-duct that could be sensitive to the upstream inlet boundary condition and its corresponding impedance.
In terms of external flow, reasonable agreement is obtained on the blind comparisons between the LES results and the experimental PIV and near-field noise measurement, with two notable exceptions. First, the results suggest that the state of the nozzle-exit boundary layer is different, namely laminar (or weakly perturbed) in the experiment versus turbulent in the LES. This leads to some differences in the shearlayer development, jet spreading and ultimately noise. Second, the experimental near-field noise spectra feature strong sharp screech tones that are not present in the LES predictions. As reported in the literature, screeching is typically associated with enhanced receptivity near the nozzle lip and tend to be sensitive to the operating conditions. Therefore the lack of screech tone in the simulations is likely due to the differences in nozzle-exit boundary layer state previously mentioned, along with other small differences in the jet setup and operating conditions. Aside from these disparities, both experiment and simulation yielded the same main conclusion, namely that the presence of the S-duct component inside the exhaust system has no visible effect on the jet plume development and radiated noise. This likely due to the strong favorable pressure gradient in the converging-diverging section of the rectangular nozzle for the present supersonic jet conditions. Additional analysis is ongoing to further quantify the impact of the S-bend component on the exhaust system interior flow. Nevertheless, these results on both the internal and external flows are a demonstration of the physics insight that can be obtained from large eddy simulations and could be used towards design optimization of advanced exhaust systems.
